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Abstract.
In a recent paper R. S. Strichartz has extended and simplified the proofs of a few well-known results about integral operators with positive kernels and singular integral operators. The present paper extends some of his results. An inequality of Kantorovic for integral operators with positive kernel is extended to kernels satisfying two mixed weak V estimates. The "method of rotation" of Calderón and Zygmund is applied to singular integral operators with Banach space valued kernels. Another short proof of the fractional integration theorem in weighted norms is given. It is proved that certain sufficient conditions on the exponents of the V spaces and weight functions involved are necessary. It is shown that the integrability conditions on the kernel required for boundedness of singular integral operators in weighted V spaces can be weakened. Some implications for integral operators in Rn of Young's inequality for convolutions on the multiplicative group of positive real numbers are considered. Throughout special attention is given to restricted weak type estimates at the endpoints of the permissible intervals for the exponents.
0. Introduction. The present paper attempts to answer a few questions raised by a paper of Strichartz [25] and the following example may be illustrative of its contents. As usual, for xeRn let \x\ =(2?=i xf)112. It was shown by Stein [22] that if Q is positively homogeneous of degree zero, bounded and of mean value zero on the unit sphere Sn~1 in Rn and K(x) = Q(x)\x\ ~n then the singular integral operator ^defined by Tf(x) = p.v. K*f{x) = \\me^0^x_t[>eK(x-t)f{t)dtsatisfies j\Tf(x)\"\x\^dx ú A> j\f(x)\*\x\°*dx for \<p<co, -n/p<a<n/p'.
Here and in what follows p' denotes the exponent conjugate to p, i.e., l/p+l/p'=l.
Strichartz showed that it is sufficient to require üeL'tS*"1), q = max(p,p'), q>2(n-l) and conjectured that the condition q>2(n-1) is not necessary (Theorem 6 of [25] ). It is proved in the present paper that 1/<7=1 -|cc|//i is sufficient which in particular shows that q>2(n-1) is not needed (Proposition 7).
Notation. As in [25] let (X, X, /x), ( Y, £', v) be totally <r-finite measure spaces, K(x, y) a measurable function on Xx Y and define Tf(x) -j K(x, y)f(y) dy where T. WALSH [March for simplicity dy, dx are written for dv(y), dp(x). For/measurable let \f,f* denote the distribution function and decreasing rearrangement of/on (0, co) respectively. and for simplicity \E\ =¡x{E). If F is a Banach (an s-Banach) space L"(X, F) will denote the space of F-valued measurable functions on X such that \\f\\F e L"(X). Also let Üp-"\Xx Y)=Lq( Y, V{X)). The norm of W-^ will also be denoted || • ||(P,Q) (cf.
[2]). For/measurable on Xx y define X>W<*>f = \\9\\pi9i where rfx) = \\f(x, .)|Poio.
It will be convenient to define X^i Y^o"0f analogously by replacing || • ||Pi,( by the quasi-norm || • ||p*l4 for i=0, 1.
1. An extension of an inequality of Kantorovic. It is well known (see [14] ) that if
(1) Xr°YsoK = M0 < oo, Y^X'lK = Mi < co then (2) ¡Tfh á A/ü-eMÍ||/||s.
provided, for some 9, such that 0^ 0^ 1
If the hypotheses are weakened by replacing the Lp (quasi-) norms in (1) by weak L" (i.e., Lpo°) (quasi-) norms there is a corresponding weaker conclusion given by (5) (l-9)lso+8lri < 1.
Here B denotes a finite constant depending on r0, rl5 in, si> and 9. If also 0 < 8 < 1, ro^r-L, 0<m^co {and MQ, My ^ 1) then \\Tf\\ru ^ B(MÜ + M¿\f\s,u.
This is Theorem 2 of [25] except that the assumptions on the exponents are less restrictive. Theorem 2 of [25] in fact follows from the Marcinkiewicz interpolation theorem for Lpq spaces (see [13] ) and the following Lemma 1. Suppose M0 = Xqt YP'*'K< co, (6) 1 < p, 1 ¿ s or p = s = 1 and q, t > 0 then (7) \\Tf\\qt S BM0\\f\\ps.
IfM1=Yps'X'>tK<oe, With the present notation which differs somewhat from that of [25], if 1 < s0 < co, 1 < rx < co, 0 < r0 ^ co, 1 < jj ^ co then by Lemma 1 \\Tf\\rooe f¿ BMoUUi and W\\ri~ ^ BM.Wflu so that the Marcinkiewicz interpolation theorem implies Proposition 1 in this case.
Proof of Proposition 1. Consider T(K0, K1,f){x) = ¡ K0(x, y)K1(x, y)f(y) dy.
Suppose XrouoYsovoK0<co, YsiviXriu'-K1<oo and furthermore that there exists t such that Q-¿f¿\ and l-l/(j0(l-i)), 1-1/(^(1-0) m place of l/p, l/s satisfy (6) and 1 -l/foí), 1 -l/(i>iO» 1/Oï*)» l/("iO satisfy (8) in place of l/p, l/s, l/q, l/t. where r~1 = ro1 + rî1, u~1 = uô1 + uï1, s~1 = sô1+sï1, v~1 = vö1 + i\1. By the above, t must satisfy max (rj"1, 5^) = * = 1 -so1 hence s^ 1 and (11) I/io+1/ri â 1.
If on the other hand the latter two inequalities hold O^t^l and the inequalities for ru Si can be satisfied. Thus if r¡ = w¡, Si = vt, (11) (and i^ 1) is sufficient for (10) . Hence if (3) is satisfied and rt = uh s¡ = vt for / = 0, 1, then \\Tf\\TúA/J-8M?||/||S. provided (1 -6)ls0 + 6/r1^ 1 and (si 1) which is Kantorovic's inequality (2). The proposition follows likewise from the above. That in general the condition (1 -6)/s0 + 6/r1< 1 cannot be weakened beyond replacement of < by ^ can be shown as follows.
Proposition
2. Let X, Y both have the property that for any two measurable subsets Eu E2, E^ c E2 of finite measure there is another subset E[ disjoint from E2 such that the measures of E1 and E[ are the same. Then in order for T(K0, Kuf) = jx0(-, y)K,(-, y)f(y) dy to satisfy (13) \T(K0, Kltf)\qa) è BXWoYWciKJY^X'iHKiWlU (with B independent of KQ, Kuf), it is necessary that (14) l/ro + lfa + 1/p-l/qèO. where xt, <Pi are the characteristic functions of two sequences of mutually disjoint sets {Ek}1SkSkl and {Fl}lslSh respectively, and for which (i6) \\t{k0,k,,/)^ > AjiitfoiH^iHi/n*, (Uly* = ir»n°Ma. (14) follows. Remark. Proposition 2 holds in particular if X, Y are noncompact locally compact (second countable) groups provided with left-invariant measure. The above argument was suggested by the proof of Theorem 1.1 of [12] . If w<co the simple functions are dense in Lpu. Hence it follows from (17) that likewise if T is a continuous linear operator from LPU(G) to LQV(G) where G is a noncompact locally compact group, T(f(a.)) = (Tf)(a.) for any ae G and q<p<co, u<co, then T=0 (u may be replaced by any smaller positive exponent). In case y = co, 1 <q<p<co, u> I, it follows by consideration of the adjoint of T that T=Q.
Lemma 2. Let X, Y be, more particularly, continuous measure spaces of infinite measure such that (13) is valid for all K0, Kufthen (18) l/q = l/i-o + l/i-!, l/p+l/So + l/s, = 1. Hence «-irt+ifro+ifr^-i+ifto+1/^ + 1* ¿s bounded for e, i?>0 and (18) follows. Note that in the present situation (14) is equivalent to (11) . 
3. Let Z be some measure space, Q.eLiq-v(RnxSn~1), l<q<co. Suppose also the even part O0, say, of £2 is in L log+ L(Sn~1, L"(Z)) and has mean value zero (in L"(Z)) on Sn~y. Let the completed tensor product ofLp(Rn) and L"(Z) with the projective norm (see [26] 
Then, if also Oj = £2 -Q0, 1 <p < 00,
Proof. Suppose first of all Q is odd, i.e., Q( -x)= -Cl(x). Then (see [8] Also K satisfies the condition (21) f \K(x-y)-K(x)\dx -¿ C for all y e Rn.
Hence by Theorem 2 of [1] ||Ä
where CPf" = 0((p-l)"1) for p\l. According to [27, p. 119, 4 .41(ii)] the latter estimate implies that for/e L(log+ L+l)(Rn, L\Z)\ Rfe Lloc(Rn, L"(Z)).
An extension of the argument of [8] to L" valued kernels to prove (20) also requires an estimate analogous to (20) for an L" valued maximal function defined by T*f{x) = sup £-" £>0 where Í2* eL\Sn~l, L\Z)).
f n*(-,y')f(x-y)dy
for 1 </>^co, 1 ^q¿co follows by analogous modification of the argument of [8] .
By application of continuous linear operators corresponding to continuous bilinear operators on L" x L" to the left-hand side of (20) Remark. Suppose Q, eLl(Sn'1, Lp(Rn)) and now fe LI while the remaining conditions are altered in the obvious manner. Let Tf(x) be defined by evaluation of the (continuous) function (p.v. H*f)(x, ) = p.v. H*f(-)(x) eLl at x. Then \\Tf\\piCp,q,u(n)\\f\\q,u. This follows similarly from ||/s(-,/)||4,u=iC4,u|/||4,u (a consequence of the fact that the operation f->fe(-, y') commutes with /").
For simplicity the next corollary is stated only for odd kernels. p <co, l^l/r=l/p+l/q then T defined by (19) satisfies (22) \\Tf\\r è Cp|í2||(4!l)||/||p.
Proof. By Proposition 3, (20) is satisfied (Z=Rn). By Holder's inequality the bilinear map (/ g) ~^fg is continuous from Lp(Rn) x L"(R n) to U. This implies (22) .
Corollary 2 might be compared with Theorem 4.1 of [7] which deals with kernels in L^XS"'1 x Rn) where 1 <s.
3. Fractional integration in weighted norms. First a result needed repeatedly later will be proved. (24) ||g*/||, ú C\\f\\p, \¡q = \lp-(n-X)ln, 0 < \\q < \\p < I, (cf. [19, 11.17] ).
Another short proof of the fractional integration theorem in weighted norms can be given by means of the multiplication and convolution theorems for Lpq spaces with a somewhat enlarged range of values for p, q (see also [10] ). As usual, let <x+ =max (a, 0), a' =max ( -a, 0). (III) ß<0, now (26) l/p' ^ ajn > (a+ß)/n, \¡q ^ 0.
By (26) and by case (I) the assertion follows. Remarks. In those cases when L9V is a normed space (III) can be obtained from (II) by passing to the adjoint. Suppose Q, Í20> ^i = 0 are homogeneous of degree 0. V II/1p,û)o= IIMIIp then in order for (27) \\Tf\\q,ai ï C||/||p>ao to hold it is necessary that p^q. The proof is as that of Proposition 4 except that in place of the convolution theorem Krée's generalization of Kantorovic's inequality (see [16] ) contained in Proposition 1 is used. Note that if K(x, y) = r(x)~sr(x -y)'vr(y)~" then Y<°xaily-'°K < co, X^Y^'^K < oo.
By means of the preceding remarks it is easy to construct an example, somewhat similar to that of [3] showing that the Marcinkiewicz interpolation theorem does not hold above the main diagonal. Let Ka¡y¡B(x, y)=\x\-0lai(\x\llai + \y\lla2)-y\y\-"ia2.
for X=Y=R. Then it is easy to see that for TayBf(x) = ¡ K"B(x, y)f(y) dy, ||raWÎ/||4t, = C||/||pu provided (28) holds (if aua2^\, |jc|1",i + |.H1'0a is a metric equivalent to r constructed above for P = diag (au a2)). Let (l/pu l/qt) 0 = 0, 1) be such that l/p0 < \¡px, l/q0 < \¡qx, 0^1/pi^l, 0^l/q¡<oo and
Let the line through (l/p¡, \¡q¡) 0 = 0, 1) have equation ajp' + a2/q = c^0. By (29) a1(l/p'o-l/p'i) = a2(llq1-\/q0)<mm (au a2). Let y,a satisfy a1(l/p'0-l/p'1)^y< min(a!, a2), y¿c, ajp'o-yua^ajpl, thus ß = axjp'0-\-a2lq0-a-y^a2lq0; also a + ß = y -c^0. Hence TayB is of restricted weak types (p¡, q¡) for / = 0, 1, but it is not of type (pt, qt) for pr1 = (l-t)pô1 + tpï1, qt = (\-t)qô1+qî1, O^í^l, unless Pt = at by the argument of Proposition 5. Suppose TE is bounded in L" independently ofe>0for somep, 1 <p<co. If -n/p< a<n/p' and üeL^S" '1) where
then T is bounded in Lpa. Ifa = -n/p or n/p' then T is bounded from LJ1 to L£°°.
Finally ifTis of weak type (1, 1), i.e., \\Tef\\lx, ^C||/||,, C independent ofe>0, Qel''1^"" 1) and (30) holds, then T is bounded from LI to Li*.
The proof is based on If \ûp£co, a>0, then ||r3/||p^Ca||/||p. Thus the proposition follows by collection of the preceding estimates. Note also that since 1 <(\x\/\y\y + (\x\/\y\)-° for e e R, ||r/||p^Cp,a(£2)||/||p holds also for 1 <p<co, a = 0, q> 1.
Remarks. If instead of the weight |x|a a weight function co(|x|) is used satisfying the conditions: oi(t)t~"i is almost decreasing for some a1<n/p' (i.e., t¿t' implies oo(t')t' ~"i i Cco(t)t~"i) while co(T)Ta3 is almost increasing for some a3< n/p, it follows similarly that if
Then F is a bounded operator on L£.
Example. If w(t) = (t + a)a, aäO, -n/p<a<n/p', condition (30) is still sufficient.
It is, of course, well known that under the other assumptions Te is uniformly bounded in LP, 1 </?<co. Proposition 7 as stated, however, immediately extends to kernels and metrics with generalized homogeneity in the sense of [20] .
The proof of boundedness in Lpa of singular integral operators with kernel £2(x)|x|_n, CisLq(Sn~v) in [25] , is based on the boundedness of the integral operator associated with the kernel (32) H(x,y) = |£2(x-j)| |x-j|-«(1-|x|1j|-«).
This kernel may be of independent interest. Proposition 8 shows that the condition q>2(n-1) can be replaced by q>n or rather £2 eZ,B,1(Sn-1).
Lemma 5. Let Sx={x : l/2^|x|<2}, S2={x : l/4^|x|<4}, /A(x)=/(Ax), T linear, such that supp (f)^=S1 implies supp (Tf)^S2, T(fx) = A"""(7/)A and, for f supported in Sx, \Tf\muA\f\pu where lírico, l/q=l/p-l/r', uip, v^q. Then \\Tf\\qv^CA\\f\\pufor any feLpu (ifu=p, v=q then C can be taken to be 3).
This follows from Lemma 4. Put T¡f=T(fx¡). 
II Jo II
The following restricted weak type results are related to (33) and could be used to prove results at the endpoints of the intervals for a, ß, \¡p, l/q in the weighted norm estimates for fractional or singular integral operators. By the second and third relations of (37), p0=p*r, p1 = r', s0=s*r, s1 = r' satisfy (38) and the assertion follows from (39).
